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Abstract. We obtain sufficient conditions when (2-)pseudocompact paratopological 
group is topological. (2-)pseudocompact paratopological groups that are not topologi- 
cal are constructed. Our particular attention is devoted to periodic and topologically 



' periodic groups. In addition, we prove that the product of a nonempty family of pseu- 



docompact paratopological groups is pseudocompact. 



OO 

(Sj ■ 1. Introduction 



Under a paratopological group we understand a pair (G, r) consisting of a group G and 
a topology r on G making the group operation ■ : G x G — > G of G continuous (such 
a topology r will be called a semigroup topology on G). If, in addition, the operation 
: G — > G of taking the inverse is continuous with respect to the topology r, then 
(G, t) is a topological group. A standard example of a paratopological group failing to be a 
topological group is the Sorgenfrey line, that is the real line endowed with the Sorgenfrey 
topology (generated by the base consisting of half- intervals [a, b), a < b). 

In this paper we search conditions when a paratopological group is topological. An 
interested reader can find known results on this subject in [AlaSant Introduction], in the 
£T) '. survey |Rav3j Section 5.1], and in the sequel. 

in 

■ 2. Definitions 

O . 

In this paper the word "space" means "topological space". 
We recall the following definitions. A space X is called 



sequentially compact if each sequence of X contains a convergent subsequence, 
to -bounded if each countable subset of X has the compact closure, 
totally countably compact if each sequence of X it contains a subsequence with the 
compact closure, 

countably compact at a subset A of X if each infinite subset B of A has an accu- 
mulation point x in the space X (the latter means that each neighborhood of x 
contains infinitely many points of the set B), 
countably compact if X is countably compact at itself, 
countably pracompact if X is countably compact at a dense subset of X, 
pseudocompact if each locally finite family of nonempty open subsets of the space 
X is finite, 

finally compact if each open cover of X has a countable subcover. 
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The following inclusions hold. 

• Each compact space is w-bounded. 

• Each cu-bounded space is totally countably compact. 

• Each totally countably compact space is countably compact. 

• Each sequentially compact space is countably compact. 

• Each countably compact space is countably pracompact. 

• Each countably pracompact space is pseudocompact. 

In these terms, a space X is compact if and only if X is countably compact and finally 
compact. A Tychonov space X is pseudocompact if and only if each continuous real- valued 
function on X is bounded. 

A space X is quasiregular if each nonempty open subset A of X contains the closure of 
some nonempty open subset B of X. 

A paratopological group G is precompact if for each neighborhood U of the unit of G 
there exists a finite subset F of G such that FU = G if and only if for each neighborhood 
U of the unit of G there exists a finite subset F of G such that UF = G. A sequence 
{U n : n G u} of subsets of a space X is non-increasing if U n D U n+ i for each n G u. A 
(not necessarily T ) paratopological group G is 2-pseudocompact if f] U' 1 ^ for each 
non-increasing sequence {U n : n G u} of nonempty open subsets of G. Clearly, each 
countably compact paratopological group is 2-pseudocompact. A paratopological group 
G is left uj -precompact if for each neighborhood U of the unit of G there exists a countable 
subset F of G such that FU = G. 

A paratopological group G is saturated if for each nonempty open subset U of G there 
exists a nonempty open subset V of G such that V^ 1 C [/. 

Denote by B G the open base at the unit of a paratopological group G. 

Suppose A is a subset of a group G. Denote by (A) C G the subgroup generated by 
the set A 

3. (2-)PSEUDOCOMPACT PARATOPOLOGICAL GROUPS THAT ARE TOPOLOGICAL 

Proposition 1. Each totally countably compact paratopological group is a topological 
group. 

Proof. Let G be such a group. Put B = f]B G . From Pontrjagin conditions [Ravi 1-1] it 
follows that B is a semigroup. Put B' = {e} = {x G G : (V77 G B G )(xU 3 e)} = {x e G : 
xB 3 e} = B^ 1 . Hence B' is a closed subsemigroup of the group G. Since B' is a compact 
semigroup, there is a minimal closed right ideal H G B' . Let x be an arbitrary element of 
H. Then x 2 H = H 3 x. Hence x^ 1 G H and e £ H. Consequently H = B' and X-B' = £?' 
for each element x G -B'. Therefore B' is a group and B' = B. Since B = f] B G , we see 
that g~ l Bg G B for each g G G. Hence i? is a normal subgroup of the group G. Since 5 
has the antidiscrete topology, B is a topological group. 

Since the set B is closed, we see that the quotient group G/B is a Ti-space. Now let 
{x n : n G w} be an arbitrary sequence of the group G/B and let 7r : G — >• G/B be the 
quotient map. Choose a sequence {a4 : n G a;} of the group G such that vr(x^) = x n for 
each n G w. Since G is totally countable compact, we see that there is a subsequence A 
of {a4 : n G w} such that the closure A is compact. Since the set A is closed, A = AB. 
Hence the closed compact set n(A) contains a subsequence of the sequence {x n : n G uj}. 
Therefore G/B is a 7\ totally countably compact paratopological group. Consequently, 
from |AlaSan| Cor 2.3] it follows that G/B is a topological group. Hence both B and 
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G/B are topological groups. Then by |Rav4| 1.3] or |Rav3j Pr. 5.3], G is a topological 
group too. □ 

Proposition [1] generalizes Corollary 2.3 in |AlaSan] and Lemma 5.4 in |Rav3] . 
To prove the next proposition, we need the following six lemmas. 

Lemma 1. |Rav2| Pr. 1.7] Each saturated paratopological group is quasiregular. 

Given a topological space (X, r) Stone |Sto] and Katetov |Kat] consider the topology 
r r on X generated by the base consisting of all canonically open sets of the space (X, r). 
This topology is called the regularization of the topology r. If (X, r) is a paratopological 
group then (X, r r ) is a T 3 paratopological group |Ravl Ex. 1.9], |Rav3l p. 31], and |Rav3l 
p. 28]. We remind that a paratopological group G is topologically periodic if for each 
x G G and a neighborhood U C G of the unit there is a number n > 1 such that x n G U, 
see [BokGurj . 

Lemma 2. [RavRezj Suppose (G, r) is a quasiregular paratopological group such that 
(G, T r ) is a topological group; then (G, r) is a topological group. 

Lemma 3. Each topologically periodic Baire paratopological group is saturated. 

Proof. In |AlaSan] . Alas and Sanchis proved that each To topologically periodic Baire 
paratopological group is saturated. This result answers my Question 2 from [Rav5] . 
Moreover, from their proof follows that each topologically periodic Baire paratopological 
group is saturated. □ 

Lemma 4. Each 2-pseudocompact paratopological group is a Baire space. 

Proof. In [AlaSanl Th. 2.2], Alas and Sanchis proved that each To 2-pseudocompact 
paratopological group is a Baire space. Nevertheless their proof also proves this lemma. 

□ 

Lemma 5. (also, see [AlaSanl Th. 2.5]) Each Baire left co-precompact paratopological 
group is saturated. □ 

Lemma 6. Each paratopological group that is a dense Gs-subset of a T3 pseudocompact 
space is a topological group. 

Proof. In |ArkRez[ Th. 1.7], Arkhangel'skii and Reznichenko proved that for each paratopo- 
logical group G such that G is a dense G^-subset of a regular pseudocompact space, it 
follows that G is a topological group. Their proof with respective changes also proves this 
lemma. □ 

Proposition 2. Suppose G is a paratopological group; then the following conditions are 
equivalent: 

1. The group G is pseudocompact quasiregular; 

2. The group G is pseudocompact saturated; 

3. The group G is pseudocompact topologically periodic Baire; 
4- The group G is pseudocompact left uj-precompact Baire; 

5. The group G is 2-pseudocompact saturated; 

6. The group G is 2-pseudocompact topologically periodic; 

7. The group G is 2-pseudocompact left u-precompact; 

8. The group G is a pseudocompact topological group. 
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Proof. It is easy to prove that Condition 8 implies all other conditions. 

(1 8) The regular izat ion (G, r r ) of the group (G, r) is a T 3 pseudocompact paratopo- 
logical group. By Lemma EJ (G, r r ) is a topological group. Then by Lemma |2] (G, r), is a 
topological group too. 

(2 =>- 1) By Lemma [TJ the group G is quasiregular. 

(3 =>- 1) By Lemma [3j the group G is saturated. Then by Lemma HJ the group G is 
quasiregular. 

(4 =>- 2) By Lemma EJ the group G is saturated. 

(5 =>- 1) By Lemma [fl the group G is quasiregular. Now let {U n : n G u} be an 
infinite sequence of nonempty open subsets of G. Choose a sequence {V n : n G w} of 
nonempty open subsets of the group G such that V~ x C U n for each n G u. Since 
G is 2-pseudocompact, there is a point x G flie^ Un>?. Ki -1 - Each neighborhood of the 
point x intersects infinitely many members of the sequence {U n }. Thus the group G is 
pseudocompact. 

(6 =>- 5) By Lemma HJ the group G is Baire. Then by Lemma [3j G is saturated. 

(7 =>- 5) By LemmaHJ the group G is Baire space. Then by Lemma[5j G is saturated. □ 

Implication (1 =>- 8) generalizes Proposition 2 from [RavRezj . Implication (7 =>• 8) 
generalizes Proposition 2.6 from |AlaSan] . Implication (6 =>• 8) answers Question C from 
[AlaSan] and generalizes Theorem 3 from [BokGur] . 

A group has two basic operations: the multiplication and the inversion. The first 
operation is continuous on a paratopological group, but the second may be not continuous. 
But there are continuous operations on a paratopological group besides the multiplication. 
For instance, a power. Now suppose that there exists an open subset U of a paratopological 
group G such that the inversion on the set U coincides with a continuous operation. Then, 
since the inversion on the set U is continuous, it follows that the group G is topological. 
Let us consider a trivial application of this idea. Let G be a paratopological group of finite 
exponent. There is a number n such that the inversion on the group G coincides with the 
n-th power. Thus the group G is topological. Another applications are formulated in two 
next propositions. 

Proposition 3. Each Baire periodic paratopological group is a topological group. 

Proof. Let G be such a group. Put B' = f]{U _1 : U G B G }. Then B' is closed subset of 
G. Since B' is a periodic semigroup, we see that B' is a group. For each n > 1 we put 
G n = {x G G : x n G B'}. Since the group G is Baire, there is a number n > 1 such that 
the set G n has the nonempty interior. 

Therefore there are a point x G G n and a neighborhood U of the unit of G such that 
(xu) n G B' for each ueU. Then V~ l C B'{xV) a ~ x x for each subset V of U. Let U\ be 
an arbitrary neighborhood of the unit of G. Then x n G B'U\. By the continuity of the 
multiplication there is a neighborhood W C U of the unit such that (ilf)" -1 ! C B'U\. 
Since B' C U u we see that C C C/f. □ 
Proposition 4. £7ac/i Hausdorff pseudocompact periodic paratopological group is a topo- 
logical group. 

Proof. Let (G, r) be such a group and let (G, r r ) be the regularization of the group (G, r). 
Then (G, r r ) is a regular pseudocompact periodic topological group. Let G be the Rajkov 
completion of the group (G, r r ). 
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We claim that the group G is periodic. Assume the converse. Suppose there exists a 
non-periodic element x G G. Then for each positive integer n there exists a neighborhood 
V n 3 x such that V™ $ e. Since the group G is G^-dense in the group G, we see that there 
exists a point y G G D f] V n . Then there is a positive integer n such that y n = e. This 
contradiction proves the periodicity of the group G. 

For each n > 1 we put G n = {x G G : x n = e}. Since the group G is Baire, there is 
a number n > 1 such that the set G n has the nonempty interior. Since the group G is 
dense in G, we see that there are a point x G G and a neighborhood {7 of the unit of G 
such that (xu) n = e for each u G £7. 

Let |/ be an arbitrary point of G and 1/ be an arbitrary neighborhood of the point y^ 1 . 
Then x n y~ 1 = y^ 1 G V. By the continuity of the multiplication there is a neighborhood 
W G r of the unit such that W G U and (xW / ) n ~ 1 x?/ _1 G V. Let 2 G yW be an arbitrary 
point. Then (xy~~ 1 z) n = e. Therefore z~ x = (xy~ 1 z) n ~ 1 xy~ 1 G (xW) n ~ 1 xy~ 1 C V. Thus 
the inversion on the group G is continuous. □ 

T. Banakh build the next example. This result answers some my questions and shows 
that in general, Proposition H] cannot be generalized for T\ groups (even for countably 
pracompact and periodic groups). Moreover, in |AlaSan] . Alas and Sanchis proved that 
each topologically periodic T paratopological group is T\. Example [1] shows that there is 
a T\ periodic paratopological group G such that G is not Hausdorff. 

Example 1. There exists a T\ periodic 'paratopological group G such that each power of 
G is countably pracompact but G is not a topological group. 

Proof. For each positive integer n let C n be the set {0, ... ,n — 1} endowed with the 
discrete topology and the binary operation "-)-"' such that x +' y = i + ?/(modn) for each 

oo 

x,y G C n . Let G — @ C n be the direct sum. Let T be the family of all non-decreasing 

71=1 

unbounded functions from Co>\{0} to u>. For each / G T put 

Of = {0} U {(x n ) G G : (3m > l)((Vn > m){x n = 0)&(0 < x m < /(m)))}. 

It is easy to check that the family {Of : / G J 7 } is a base at the zero of a Tj semigroup 
topology on G. 

For each positive integer m > 2 we put a m = (a™) G G, where a™ = 1 if n = m; a™ = 
in the opposite case. Let /, g G J 7 be arbitrary functions and let x G G be an arbitrary 
element. There exists a number m such that f(m) > 2, g'(m) > 2, and x n = for each 
n > m. Then a m G 9 and x + a m G O/. Therefore a; G O/. Hence Of = G for each 
/ G J. Thus G is not Hausdorff. Since each two nonempty open subsets of G intersects, 
we see that each two nonempty open subsets of each power of G in the box topology 
intersects too. Therefore each power of G in the box topology is pseudocompact. Put 
A = {0} U {a m : m > 2}. Then A is compact and dense in G. Let k be an arbitrary 
cardinal. Then A K is compact and dense in G K . Therefore the space G K is countably 
compact at a dense subset of G K . Thus the space G K is countably pracompact. □ 

Denote by TT the following axiomatic assumption: there is an infinite torsion-free 
abelian countably compact topological group without non-trivial convergent sequences. 
The first example of such a group constructed by M. Tkachenko under the Continuum 
Hypothesis |Tkaj . Later, the Continuum Hypothesis weakened to the Martin Axiom for 
ex-centered posets by Tomita in }Tom2j . for countable posets in [KosTomWat] . and finally 
to the existence continuum many incomparable selective ultrafilters in [MadTomJ. Yet, 
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the problem of the existence of a countably compact group without convergent sequences 
in ZFC seems to be open, see [DikShaj . 

The proof of [BanDimGutl Lemma 6.4] implies the following 

Lemma 7. (TT) Let G be a free abelian group generated by the set c. There exists a 
Hausdorff group topology on G such that for each countable subset M of the group G there 
exists an element aeMflc such that M C (a) . □ 

Example 2. (TT) There exists a functionally Hausdorff countably compact free abelian 
paratopological group (G, a) such that (G, a) is not a topological group. 

Proof. Let G be a free abelian group generated by the set c. Lemma [7] implies that there 
exists a Hausdorff group topology r on the group G such that for each countably subset 
M of the group G there exists an element a G M PI c such that M C (a). Each element 
x G G has a unique representation x = J2aeA x n a a sucn that the integer number n a is 
non-zero for each a G A x . Put S = {x G G : n sup A x < and S = S U {0}. Clearly, S is 
a subsemigroup of the group G. It is easy to check that the family {U(~)S : U G t,U 3 0} 
is a base at the zero of a semigroup topology on G. Denote this semigroup topology by 
a. 

Let M be an arbitrary countable subset of the group G. There exists an element 
a G M fl c such that M C (a). Since M C a + Sg, we see that a G M . Hence (£?, a) is 
a countably compact Hausdorff paratopological group. 

Suppose (G, a) is a topological group; then there exists a neighborhood U G r of the 
zero such that U H S <Z S (1 (-S) = {0}. Fix any element a G c. Then —a G S. Since 
the topological group (G, r) is countably compact, there exists a number n < such that 
n« G Z7. Then 7^ G Z7 fl S. This contradiction proves that (G, a) is not a topological 
group. □ 

Example [2] negatively answers Problem 1 from [Gurj under TT. Since each countably 
compact left cu-precompact paratopological group is a topological group [Rav3t p. 82], 
we see that Example [2] implies the negative answers to Question A from [AlaSanj and to 
Problem 2 from [Gurj under TT. 

The following proposition answers Questions B from [AlaSanj . 

Proposition 5. Each 2-pseudocompact paratopological group of countable pseudocharacter 
is a topological group. 

Proof. Let G be such a group. By induction we can build a sequence {Vi : % G u} of open 
neighborhoods of the unit e of G such that V? +1 C Vi for each i6u and f]{Vi : % G u} = 
{e}. Suppose G is not a topological group; then there exists a neighborhood U G B G such 
that Vi (£ U^ 1 C (U^ 1 ) 2 for each i G oj. Since the group G is 2-pseudocompact, there is 
a point x G G such that xW~ l D (V^t/ -1 ) 7^ for each W e B G and each z > 0. Then 
xH/" 1 n (ViW -1 ) ^ and n (^r 1 \ f/ ) ^ 0- Therefore x" 1 G Vr 1 c V^j. Hence 

x = e. But e G and U^ 1 fl = 0. This contradiction proves that G is a 

topological group. □ 

Example |3] shows that counterparts of Proposition [5] and Implication (7 =^ 1) of Propo- 
sition [2] do not hold for countably pracompact paratopological groups. 
Example 3. There exists a functionally Hausdorff left u-precompact first countable pa- 
ratopological group G such that each power of G is countably pracompact but G is not a 
topological group. 
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Proof. In |Rav3j Ex. 5.17], the author constructed the following group G. Let T = {z G 
C : \z\ — 1} be the unit circle and let tt : R — > T be the homomorphism such that 
tt(x) = e 2nxl for each x G R. Since R is a vector space over the field Q, there is a basis 
B 3 {1} of the vector space R over Q. Choose an arbitrary element x G Put 
Xq = 7f{x' ). Let s' : R — >■ Q be the homomorphism of vector spaces over Q such that 
s'(x' ) = 1 and s'(B\{x' Q }) = {0}. It is easy to check that there exists a unique map 
s : T — > Q such that s' = sn. Put S = {0} U {x G T : s(a;) > 0}. There exists a semigroup 
topology a on T such that the family {S fl 7r((— 1/n; 1/n)) : n > 0} is a base at the unit 
of T of the topology o (see |Rav3j Ex. 5.17]). Put G = (T, a). Denote by r the standard 
topology on the group T. 

It is easy to check that the set A = {nxo '■ n G Z, n > 0} is dense in G. Let k be an 
arbitrary cardinal. Then A K is dense in G K . Let {y n : n G w} be an arbitrary sequence of 
points from A K . Since the space (T, r) K is compact, we see that there is a point y G T K 
such that the set {n G w : y n G Z7} is infinite for each open in (T, t) k set U 3 y. 

We claim that each open in (T, o~) K set £7 9 y has a similar property. Fix such a 
neighborhood [7. For each a G k let Tr a : T K — > T be the projection onto the ct-th 
coordinate. There exist a finite subset F of k and a family {?7 a : a G F} of open in (T, r) 
sets such that Vs C C7, where V$ = f] aeF 7r _1 ((y Q , + 5) fl C/q,). Decreasing neighborhoods 
U a , if necessary, we can assume that for each a G F and for each < s < s(y a ) if 
sx 7^ y a , then sx t/ a . 

Put V = f) a( z F n" 1 (U a ) . Now let z be an arbitrary point of A K fl V. Then z a = y a or 
s(^ a ) > s(y a ) for each a G F. Therefore 2 G Vs- Hence the set {n G u : y n G U} D G 
uj : y n €2 Vs} = {n G u : 1/" 6 is infinite. Therefore the space G K is countably compact 
at its dense subset A K . Thus the space G K is countably pracompact. □ 

Oleg Gutik asked the following question. Let G be a countably compact paratopological 
group and if be a subgroup of G. Is H a group? 

Proposition 6. Let G be a countably compact paratopological group such that the closure 
of each cyclic subgroup of G is a group. Then G is a topological group. 

Proof. Let x be an arbitrary point of G. Put H = (x). Then if is a separable count- 
ably compact paratopological group. Since each countably compact left w-precompact 
paratopological group is a topological group |Rav3j p. 82], we see that if is a topological 
group. Therefore if is a topologically periodic group. Hence G is a topologically periodic 
group. By [BokGurj . if is a topological group. □ 

4. Cone topologies 

In this section G is an abelian group and S 3 is a subsemigroup of G. In this 
section, we consider an interplay between the algebraic properties of the semigroup S and 
properties of two semigroup topologies generated by S on the group G. The main aim of 
this section is Example |5] of two 2-pseudocompact paratopological groups which are not 
topological groups. 

We need the following technical lemmas. 
Lemma 8. If there is an element a G S such that S C a — S , then S is a group. □ 
Lemma 9. The following conditions are equivalent: 

1. For each countable subset C of S there is an element a G S such that C C a — S . 

2. For each countable subset C of S there is an element a G S such that C C a — S . 
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3. For each countable infinite subset C of S there are an element a G S and an infinite 
subset B of C such that B C a — S . 

Proof. (3 2). Let C be an arbitrary countable subset of S. If C is finite, then S C 
(Scec c ) — Now suppose the set C is infinite. Let C = {c n : n G u}. Put D = {d n : 
n G u)}, where d n = Y^i=o Ci f° r eacn n e u - ^ ^he se ^ ^ ^ finite, then S C (^ rfe£) — S. 
Now suppose the set D is infinite. There are an element a G S and an infinite subset B 
of .D such that B G a — S . Therefore for each number i6w there exists a number n G cj 
such that i < n and <i„ G -B. Then aj6(f„-SGa-S'-SGa-5. 

(2 =>- 1). Let {c n : n G be a countable subset of the group S. Fix sequences 
{a n : n G a;} and {6 n : n G w} of S such that c n = b n — a n for each n. There exist an 
element a G S such that b n £ a — S for each n. Then c n £ a — S for each n. □ 

4.1. Cone topology. The one-element family {S} satisfies Pontrjagin conditions (see 
[Rav, Pr. 1]). Therefore there is a semigroup topology on G with the base {S} at the 
unit. This topology is called the cone topology generated by the semigroup 5 on G. Denote 



by Gs- the group G endowed with this topology. 

It is easy to check that the closure S of the semigroup S is equal to S — S and S = (S). 
Moreover, S is clopen. 

Proposition 7. The group Gs is T if and only if S n (-S) = {0}. □ 

Proposition 8. The group Gs is 7\ if and only if S = {0}. □ 

Lemma 10. A subset K of Gs is compact if and only if there is a finite subset F of K 

such that F + S D K. □ 

Lemma 11. Let A be a subset of Gs- Then A = A — S. □ 



Proposition 9. The following conditions are equivalent: 

1. The group Gs is compact 

2. The group Gs is u -bounded. 

3. The group Gs is totally countably compact. 
4- The group Gs is precompact. 

5. The semigroup S is a subgroup of G of finite index. 

Proof. Implications (1 =^ 4), (1 =>- 2) and (2 ^> 3) are trivial. 

(4 =t^ 5). Choose a finite subset F of G such that F + S — G. Since / + S C / + S for 
every feF,Sc(FnS) + S. Chose a number n and points x±, . . . , x n , yi, ■ ■ ■ ,y n G S 
such that F fl S = {xi — yi, . . . , x n — y n }. Then S = [jxi — yi + S C |J —yi + S. Put 
y = J2Vi- Then S C — y + S. Therefore there is an element z G S such that —2y = —y + z. 
Then z = —y and hence — y^ G S for every i. Therefore S = S + S D S. Consequently S 
is a group. Since F + S = G, we see that the index \G : S\ is finite. 

(5 =3- 1). Since S is a subgroup of G of finite index, we see that there exists a finite 
subset F of G such that F + S = G. For each point / G F find set Uf G U such that 
/ G Uf. Let / G F be an arbitrary point. Since the set £7/ is open, / + S C Uf. Therefore 
{Uf : / G F} is a finite subcover of W and \J{U f : / G F} = G. 

(3 =>- 5). The set —S = {0} is compact. Therefore there is a finite subset F of S such 
that -F + SD Let F = {f u . . . , /„}. Put / = £ Then -/ + 5dF + Sd-S. 
Moreover, — / + 5 D — / + 5 + 5 D 5- S. Hence there is an element g G S such that 
—2f = —f + g. Then g = — / and — / + S D S. Therefore S = S. Suppose the index 
\G : 5| is infinite. Then there is a countable set A C G that contains at most one point 
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of each coset of the group S in G. Let B be an arbitrary infinite subset of A. The set 
B = B — S intersects an infinite number of the cosets. Therefore B ^ F + S for each 
finite subset F of G. This contradiction proves that the index \G : S\ is finite. □ 

Proposition 10. The following conditions are equivalent: 

1. The group Gs is sequentially compact. 

2. The group Gs is countably compact. 

3. The group Gs is 2-pseudocompact. 

4- The index \G : S\ is finite and for each countable subset C of S there is an element 
a G S such that C G a — S. 

Moreover, in this case each power of the space Gs is countably compact. 

Proof. Implications (1 =>• 2) and (2 =>■ 3) are trivial. 

(3 =>- 4). Let C be an arbitrary countable infinite subset of S. Let {x n : n G u} be 
an enumeration of elements of the set C. For each n G u put U n = [J i>n x% + S. Then 
{U n : n G u} is a non- increasing sequence of nonempty open subsets of Gs- Since the 
group Gs is 2-pseudocompact then there is a point b G G such that (b + S) fl —U n ^ for 
each n G u>. Then for each new there is a number i > n such that (6 + 5) fl — (xj — S) ^ 
and hence — x,- t G 6 + S. Let i? be the set of all such elements Xj. Then B is an infinite 
subset of —b — S. Since B C 5, we see that —b E B + S G S. Now Lemma |9] implies 
Condition 4. 

Suppose the index \G : S*| is infinite. Then there is a countable infinite set C G G that 
contains at most one point of each coset of the group S in G. Let {x n : ii G u} be an 
enumeration of the elements of the set C. For each n G u put U n = [J i>n Xi + S. Then 
{U n } is a non-increasing sequence of nonempty open subsets of Gs- But for each point 
x G G an open set x + 5 intersects only finitely many sets of the family {—U n : n G a;}. 
This contradiction proves that the index \G : 5"! is finite. 

(4 1). Let {c„ : n 6 w} be a sequence of elements of the group Gs- There is a point 
x G G such that the set / = {n 6 w : i„ 6 i + S 1 } is infinite. By Lemma [9J there is a 
point a <E S such that x — c n E a — S for each n G /. Thus the sequence {c n : n G /} 
converges to the point x — a. 

Now let k be an arbitrary cardinal. Condition 1 and Lemma [9] imply that for each 
countable subset C of there is a point a G S" 1 such that C G S K — a. Consequently, 
the space 5" is sequentially compact. Since S is a clopen subgroup of Gs, we see that the 
space Gs is homeomorphic to Sx D, where D is a finite discrete space. Then a space G s 
is homeomorphic to the countably compact space S x D K . □ 

The proof of the following lemma is straightforward. 

Lemma 12. If X is a countably pracompact space and Y is a compact space then the 
space X x Y is countably pracompact. □ 

Proposition 11. The following conditions are equivalent: 

1. The group Gs is countably pracompact. 

2. The group Gs is pseudocompact 

3. The index G : S is finite. 

Moreover, in this case each power of the space Gs is countably pracompact. 

Proof. Implication (1 2) is trivial. 

(2 =^ 3). Suppose the index \G : S\ is infinite. Then there is a countable infinite set 
C G G that contains at most one point of each coset of the group S in G. Let {x n : n G u>} 
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be an enumeration of the elements of the set C. For each n G u put U n = [J i>n Xi + S. 
Then {U n } is a non- increasing sequence of nonempty open subsets of G$- But for each 
point x G G an open set x + S intersects only finitely many sets of the family {U n : n G u}. 
This contradiction proves that the index \G : S\ is finite. 

(3 =>- 1). Choose a finite set A C G such that the intersection of A with each coset of 
the group S in G is a singleton. Put A = A + S. Let x G G be an arbitrary point. Then 
there is an element a G A such that x E a + S. Hence (x + S) H (a + S 1 ) ^ 0. Therefore 
(i + S)nA/0. Thus A is dense in G s . 

Let C be an arbitrary countable infinite subset of A. There is a point a G A such 
that the set B = C fl (a + 5*) is infinite. But since C C A + 5 1 , we see that B C a + S . 
Therefore a is an accumulation point of the set C. 

Now let k be an arbitrary cardinal. Since the set S is dense in 5", we see that the set S K 
is dense in S . Since each neighborhood of the zero of the group S contains the set S K , 
the space S* is countably compact at S K . Hence the space S is countably pracompact. 
Since S is a clopen subgroup of Gs, the space Gs is homeomorphic to S x D, where D 
is a finite discrete space. Then a space G s is homeomorphic to S x D K . By Lemma [T2l 
the space 5* x D K is countably pracompact. □ 

Proposition 12. T/ie group Gs is finally compact if and only ifG$ is left ui-precompact. 

□ 

4.2. Cone* topology. The family Bs = {{0} U (x + S) : x G S} satisfies Pontrjagin 
conditions (see |Ravt Pr. 1]). Therefore there is a semigroup topology on G with the base 
Bs at the unit. This topology is called the a cone* topology generated by the semigroup 
S and on G. Denote by G* s - the group G endowed with this topology. 

It is easy to check that the closure S of the semigroup S is equal to S — S and S = (S). 
Moreover, S is clopen. 

Proposition 13. The group G* s is Hausdorff if and only if S = {0}. □ 
Proposition 14. The following conditions are equivalent: 

1. The group G* s is T\. 

2. The group G* s is T . 

3. S = {0} or S is not a group. 

I S = {0} or f]{x + S : x G S} = 0. 

Proof. Implications (1 =^4), (4 =^ 2), and (2 3) are trivial. We show that (3 1). 
Suppose there is a point y G f]{x + S : x G S}. Then y G 2y + S. Hence there is an 
element z G S such that y = 2y + z. Therefore — y = z G S. Now let x be an arbitrary 
element of S. There is an element s G S such that y = x + s. Then — x = — (x + s) + s G S. 
Therefore S is a group. Thus y = 0. □ 

Proposition 15. The following conditions are equivalent: 

1. The group G* s is compact. 

2. The group G* s is uj -bounded. 

3. The group G* s is totally countably compact. 
4- The group G* s is sequentially compact. 

5. The group G* s is countably compact. 

6. The group G* s is precompact. 

7. The semigroup S is a subgroup of G of finite index. 
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Proof. Implications (1 => 2), (2 3), (3 => 5), (5 => 7), (4 5) and (1 6) are 
trivial. From (7) follows that G* s = G$- Therefore by Proposition [91 (7 =>■ 1) and by 
Proposition [TOl (7 4). From (6) follows that the group Gs is precompact. Therefore 
by Proposition [91 (6 =^ 7). 

Finally we prove Implication (5 7). Suppose (5). Let x G S be an arbitrary element. 
We claim that there is n > 1 such that —nx G 5. Assume the converse. Then the set 
X = {—nx : n > 1} is infinite. There is a point b G G such that the set {b + s + S) fl X 
is infinite for each s £ S. Since X C S, we see that b G 5. Therefore there are elements 
y, z £ S such that b = y — z. But since 5 D (y — z) + -2 + S, the set 5nX is infinite too. 
This contradiction proves that there is n > 1 such that — nx G S. Therefore S is a group. 
By Proposition [TP] the index |G : S\ is finite. □ 

Proposition 16. The group G* s is countably pracompact if and only if the index \G : S\ 
is finite and there is a countable subset C of S such that S C C — S. 

Moreover, in this case each power of the space G* s is countably pracompact. 

Proof. The necessity. Since the group Gs is countably pracompact, by Proposition [TTT 
the index \G : S\ is finite. Let A be a dense subset of S such that the space S is 
countably compact at A. Let B be an arbitrary countable infinite subset of A. There are 
elements x,y G S such that the set (x — y + s + S) fl B is infinite for each s G S. Since 
s + S D (x — y) + y + s + S, we see that the set (s + S) D 5 is infinite for each s E S. This 
condition holds for each countable infinite subset B of A. Therefore the set A\(s + 5) is 
finite for each s G S. Since A C S — S, for each element a & A there is an element s a £ S 
such that a + s a G S*. Put A' = {a + s a : a e A}. Then the set A'\(s + S) is finite for 
each s G S*. 

Suppose the set A' is finite. Put C = A'. Since A is dense in S, we see that A' is 
dense in S too. Let s G 5 be an arbitrary point. Then the set (s + S) fl C is nonempty. 
Therefore s G C — S. 

Suppose the set A' is infinite. Let C be an arbitrary countable infinite subset of A'. 
Let s G S be an arbitrary point. There is a point c G (s + S) fl C. Therefore s G C — S*. 

TTie sufficiency. Let C = {c n : n G co}. Put C = {^™ =0 Cj : n G a;}. Then for each 
element s £ 5 and each infinite subset B' of C' there is a finite subset F of B' such that 
c — S 3 s for each c G B'\F. 

Choose a finite set A G G such that the intersection of A with each coset of the 
group S in G is a singleton. Put A = Aq + C' . Let x G G be an arbitrary point. Then 
there is an element a G Aq such that x E a + S . Therefore there are elements s,s' G S 
such that x — a = s — s'. There is an element c G C' such that s G c — S. Then 
a + c = x + s' — s + cGx + s' + s — c+cCx + S. Hence A is dense in G* s . 

Let A' be an arbitrary countable infinite subset of A. There is a point a G A Q such that 
the set B' = A' fl (a + 5 1 ) is infinite. Let s G 5 be an arbitrary element. Since B' — a is an 
infinite subset of C', the set (s + S) f) (B' — a) in infinite. Then the set (a + s + S) fl B' 
is infinite too. Therefore a is an accumulation point of the set B' C A'. 

Let k be an arbitrary cardinal. Put A = {0} U C' . Then A is compact and dense in S. 
Therefore A K is compact and dense in S . Hence the space S is countably compact at 
its dense subset. Consequently S is countably pracompact. Since S is a clopen subgroup 
of G* s , we see that the space G* s is homeomorphic to S x D, where D is a finite discrete 
space. Then a space GJ K is homeomorphic to S x _D K . by Lemma H~2l the space S x D K 
is countably pracompact. □ 
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Proposition 17. The group G* s is 2-pseudocompact if and only if the index \G : S\ is 
finite and for each countable subset C of S there is an element a G S such that C C a — S . 

Moreover, in this case each finite power of the group G* s is 2-pseudocompact and each 
power of the space S is 2-pseudocompact. 

Proof. The necessity. If the group G* s is 2-pseudocompact then the group Gs is 2- 
pseudocompact too. Thus Proposition [10] implies the necessity. 

The sufficiency. Let {U n : n G u} be a non- increasing sequence of nonempty open 
subsets of G. For each n choose a point z n G U n such that z n + S C U n . Since the 
index \G : S\ if finite, there are an infinite subset I of u and an element z G G such that 
z n G z+S for each n G /. For each n G / fix elements x n ,y n G S such that z n — z = x n —y n - 
There is an element a G S such that x n G a — S for each n G /. Let n G / be an arbitrary 
number. Then z n — z = x n — y n G a — S. Therefore U n 3 z n + S 3 a + z. Since the family 
{U n } is non- increasing, we see that a + z G P|{^n : n £ 

Now let k be an arbitrary cardinal and G = S . Let {[/„ : n G u} be an arbitrary non- 
increasing sequence of nonempty open subsets of G. For each n choose a point z n G U n 
such that z n + S K C £/ n and fix elements x n ,y n G S" 1 such that z n = x n — y n . There is an 
element cl G S k such that x n G a — S K for each n G u. Thus f/ n 9 z n + S K 3 a. □ 

Corollary 1. The group G* s is compact if and only if the group G* s is countably pracompact 
and 2-pseudocompact. 

Proof. The proof is implied from Proposition [T7J Proposition [161 an d Lemma [HJ □ 

Proposition 18. The group G* s is pseudocompact if and only if the index \G : S\ is finite. 

Proof. The necessity. If the group G* s is pseudocompact then the group Gs is pseudo- 
compact too. Thus Proposition [TT] implies the necessity. 

The sufficiency. Let {U n : n G u} be a family of nonempty open subsets of G. For 
each n choose a point x n G U n such that x n + S C U n . Since the index \G : 5| if finite, 
there are a point b £ G and an infinite set I G u such that x n G b + S 1 for each n G /. 
Let n G / be an arbitrary number. Then (x n + S) (1 (b + s + S) ^ for each s G S. 
Therefore b <E x n + S C U n . Hence the family {U n } is not locally finite. Thus the space 
G* s is pseudocompact. □ 

The counterpart of Proposition [121 does not hold for the group G* s . 

Example 4. There are an abelian group G and a subsemigroup S of the group G such 
that G* s is bj-precompact and not finally compact. 

Proof. Let G = R and S = [0, oo). Then G* s is cu-precompact. Consider an open cover 
U = {x + S : x < 0} of the group G* s . Then U has no subcover of cardinality less than c. 
By Proposition (TBI the group G* s is countably pracompact. By Proposition [TTJ. the group 
G* s is not 2-pseudocompact. □ 
Proposition 19. If the group G* s is Baire then S is a group or there is no countable 
subset C of S such that S C C — S . 

Proof. Suppose that there is a countable subset C of S such that S d C — S. Then 
c£C c — S. Since the set —S is closed in G* s , there are elements c G S and x G S 
such that c — S D x + S. It follows easily that — S D S. Thus S is a group. □ 
Corollary 2. T/ie countably pracompact group G* s is Baire if and only if S is a group. □ 
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Corollary 3. The countable group G* s is 2-pseudocompact if and only if the semigroup S 
is a subgroup of G of finite index. 

Proof. If the semigroup S is a subgroup of G of finite index then from Proposition [15] it 
follows that G* s is compact. If the group G* s is 2-pseudocompact then from Lemma H] it 
follows that G* s is Baire. By Proposition [191 S is a group. Proposition [T7] implies that 
the index \G : S\ = \G : S\ is finite. □ 

Example 5. There are an abelian group G and a sub semigroup S of the group G such 
that the paratopological group G$ is T sequentially compact, not totally countably com- 
pact, not precompact, and not a topological group and the paratopological group G* s is T\ 
2-pseudocompact, pseudocompact, not countably pracompact, not precompact and not a 
topological group. 

Proof. Let G — Z be the direct sum of the groups Z. Let 

S = {0} U {(x a ) G G : (3/3 G wi)((Va > f3)(x a = 0)k(xp > 0))}. 

Since Sf) (-S) = {0} then by Proposition [7] the group Gs is T and by Proposition [HI 
the group G* s is 7\. Since G = S — S and for each countable infinite subset C of S there 
is an element a G S such that C C a — S, we see that by Proposition [10], the group Gs 
is sequentially compact and by Proposition [TT] the group G* s is 2-pseudocompact. By 
Proposition [THl the group G* s is pseudocompact. By Proposition [16] the group G* s is not 
countably pracompact. By Proposition [9] the group Gs is not totally countably compact 
and not precompact. Therefore the group G* s is not precompact too. □ 

From Proposition 3 in [RavRezj it follows that each T\ paratopological group G such 
that G x G is countably compact is a topological group. Example [T] shows that in general 
this proposition cannot be generalized for 7\ countably pracompact groups. Example [5] 
shows that the proposition cannot be generalized for T sequentially compact groups. 

5. Products of pseudocompact paratopological groups 



The product of an arbitrary nonempty family of compact spaces is compact by Tychonov 
Theorem. But there are Tychonov countably compact spaces X and Y such that X x Y 
is not pseudocompact |Eng 3.10.19]. The product of an arbitrary nonempty family of 



Tychonov pseudocompact topological groups is pseudocompact [ComRosl Th. 1.4]. Under 
Martin Axiom van Douwen obtained the first example of countably compact topological 
groups G\ and G 2 such that the product Gi x £7 2 is not countably compact. Later, under 
MA countable Hart and van Mill proved that there is a countably compact topological group 
67 such that 67 x 67 is not countably compact. As far as the author knows, there are no 
ZFC-example of a family {G a : a G A} of countably compact Tychonoff topological 
groups such that the product Yl {G a : a G A} is countably compact, see the surveys 
[Comj and |ComHofRem] . 

The next proposition generalizes the result of Comfort and Ross |ComRosl Th. 1.4] for 
paratopological groups. 

Proposition 20. The product of an arbitrary nonempty family of pseudocompact paratopo- 
logical groups is pseudocompact. 

To prove Proposition [20] we need the following lemmas. 
The first of them is quite easy and probably is known. 
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Lemma 13. Let (X, r) be a topological space. Then (X, r) is pseudocompact if and only 
if the regularization (X, r r ) is pseudocompact. □ 

The proof of the following technical lemma is straightforward. 

Lemma 14. Let (X, r) be the product of a family {(X a , r a ) : a G A} of topological spaces. 
Then (X, r r ) = H aeA {X a , r ar ) . □ 

Let (G, t) be a paratopological group and H C G be a normal subgroup of G. Then 
the quotient group G/H endowed with the quotient topology is a paratopological group, 
see [Ravj . If H = f]{Uf] U' 1 : U G B G } then we denote the quotient group G/H by T G. 
It is easy to check that the group T Q G is a T space for each paratopological group G. 

Lemma 15. A paratopological group G is pseudocompact if and only if the paratopological 
group TqG is pseudocompact. 

Proof. If the group G is pseudocompact then the group TqG is a continuous image of 
a pseudocompact space. Thus T G is pseudocompact. Now suppose the group T G is 
pseudocompact. Let U be a locally finite family of open subsets of the space G. Put 
H = f]{U n U- 1 : U G B G }. Then UH = H for each open subset U of the space G. 
Let 7r : G? — > TqG be the quotient homomorphism. Therefore the family {ir(U) : U G W} 
is locally finite too. Since the space T is pseudocompact, the family {tt(U) : U G IX) is 
finite. Thus the family W is finite too. □ 

Proof. (Of Proposition [20]) . Let (G,r) be the product of a nonempty family {(G a ,r a ) : 
a G A} of pseudocompact paratopological groups. Let £> r be an open base of the topology 
r r at the unit e of the paratopological group (G,r r ). Put H = f]{U fl U^ 1 : £/ G B r }. I 
Lemma fT4l implies that (G, r r ) = YlaeA^a, Tar)- Let 7r : G — > G/H be the quotient map. 

Let a G A be an arbitrary element, B ar an open base of the topology r ar at the unit 
e a of the paratopological group (G a ,r ar ), H a = f]{U fl U^ 1 : C/ G B ar }, Tr a : (G Q ,r ar ) — > 
(G a ,T ar )/H a the quotient map, and p a : (G, r r ) — > (G a ,r ar ) the projection. 

Let i : riaeyi^a' r Q^) — > YlaeA^a, T ar )/H a be the product of the family {ir a : a G 



A}. Proposition 2.3.29 from |Eng| implies that the map % is open. Since H = {e} fl 
({e} r ) _1 and H a = {e a } °" fl ({e} for each a G A, we see that H = YlaeA^a = 

DaeAPa 1 ^") = ker ^- Let : ( G i T r)/H ->■ HaeA^' T ar)/H a b e a m ap such that 
i'(xH) = i(x) for each x E G. Theorem on continuous epimorphism [Rav, p. 42] implies 
that the map i' is well-defined and a topological isomorphism. 

Let a G A be an arbitrary element. Then (G a , r ar ) is a T 3 pseudocompact paratopolog- 
ical group (see the remark after Lemma [T]). So (G a , pseudocompact topological 
group by Lemma El Then the group (G a ,r ar )/H a is a T pseudocompact topological 
group. Therefore by Theorem 1.4 from [ComRos] . the product HagA^"' T ar)/H a is pseu- 
docompact. Hence the group (G,r r )/H = T (G,r r ) is pseudocompact. By Lemma [T5| 
the group (G,r r ) is pseudocompact. Thus by Lemma [TBI the group (G,r) is pseudocom- 
pact. □ 

6. Open Problems 

This section is preliminary and it will be edited in a submitted version of this paper. 
The next two problems are related to conditions when a paratopological group is topo- 
logical. 
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Problem 1. Is there a ZFC-example of a paratopological group G such that G is not a 
topological group but G satisfies one of the following conditions: 

• G is Hausdorff countably compact, 

• G is Hausdorff countably pracompact Baire, 

• G is Hausdorff pseudocompact Baire, 

• G is Hausdorff 2-pseudocompact, 

• G is T\ countably compact. 

If G is such a group then G is not topologically periodic, not saturated, not pseudocom- 
pact quasiregular, and not left cu-precompact. Moreover, G x G is not countably compact. 
By Theorem 2.2 from [AlaSanj . a group (G, a) from Example [2] is Baire. Therefore under 
TT there is a group G such that G satisfies all conditions listed in Problem [H 

Problem 2. Suppose a paratopological group G satisfies one of the following conditions: 

• G is Hausdorff countably pracompact topologically periodic left u-precompact, 

• G is Hausdorff countably pracompact topologically periodic, 

• G is Hausdorff pseudocompact topologically periodic left uj-precompact, 

• G is Hausdorff pseudocompact topologically periodic, 

• G is regular 2-pseudocompact. 

Is G a topological group? 

If a paratopological group G satisfies one of Problem [2] Conditions 1-4 and the group 
G is quasiregular or saturated or Baire then G is a topological group. If G is a regular 
2-pseudocompact paratopological group G and the group G saturated or topologically 
periodic or left o;-precompact or has a countable pseudocharacter then G is a topological 
group. 

Each countably compact paratopological group and each pseudocompact topological 
group are both 2-pseudocompact and pseudocompact. Answers to the next two problems 
would help to understand the relations between 2-pseudocompact and pseudocompact 
paratopological groups. 

Problem 3. Is each (Hausdorff) 2-pseudocompact paratopological group pseudocompact? 

The answer to Problem |3] is positive provided the group is saturated or topologically 
periodic or left w-precompact. 

Since each 2-pseudocompact paratopological group is Baire and there are pseudocom- 
pact not Baire paratopological groups, we see that an opposite inclusion does not hold. 

Problem 4. Is each pseudocompact (countably pracompact) Baire paratopological group 
2-pseudocompact ? 

The answer to Problem H] is positive provided the group is saturated or topologically 
periodic or left w-precompact. 

Problem 5. Is the product of two 2-pseudocompact paratopological groups 2-pseudocompact? 
Of a countable nonempty family? Of an arbitrary nonempty family? 

Is the product of two countably pracompact paratopological groups countably pracompact? 
Of a countable nonempty family? Of an arbitrary nonempty family? 

The product of a nonempty family of 2-pseudocompact topological groups is 2-pseudocompact. 
Are there other nontrivial conditions sufficient for 2-pseudocompactness of the product? Is 
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the product of two countably compact paratopological groups 2-pseudocompact? Of a count- 
able nonempty family? Of an arbitrary nonempty family? In particular, by |RavRez[ Pr. 
3], the square (G,a) x (67, a) of a group {G,a) from ExamplelEis not countably compact. 
By Proposition IWi. (67, a) x (G, a) is pseudocompact. Is (67, a) x (67, a) 2-pseudocompact? 
Countably pracompact? 
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